Introduction
Robustness in control systems is without doubt a property as important as stability; it is the property by which a system preserves an acceptable behavior under uncertainty, external disturbances, measurement noise, etc. Generally speaking, uncertainty and disturbances may take different forms and meanings, especially for the theoretician and for the practitioner. Uncertainty may stem from imprecision on numerical values of some parameters, inadequacy of the dynamic model, neglected dynamics, approximation of unavailable measurements, etc. Disturbances may take the form of noise in the measurements or external forces from physical interaction with the environment such as friction and, more generally in robotics, all forces that depend on time, position and velocity which affect the motion.
In the literature of mechanical systems, special focus is given to friction effects; these are phenomena that depend on multiple factors such as the nature of the materials in contact, the lubrication of the latter, the temperature, etc. That is, they are highly complex from a modelling viewpoint; for this reason, only approximate models of friction forces and torques are available -cf. [8, 4, 30] . We distinguish two families of friction models: the static models, in which the friction force or torque depends on the instantaneous relative position and velocity between bodies (such as viscous friction), and dynamic models which depend on the past values of the relative velocity -cf. [4, 30] . The former are adequate to approximately model friction in relatively high-velocity motion tasks while the latter are more appropriate to model friction effects at low velocities. Whether dynamic or static, friction effects may be modelled as an input force that depends, in general, on time and state; notice that this includes dynamic friction models 1 .
Performance of controlled robot manipulators may also be degraded due to the influence of neglected dynamics. A particularly important situation in which dynamics are neglected is non-model-based control of manipulators. That is, when the robot is considered as a black-box system that has input torques and measurable outputs (positions and, often, velocities). Not only Proportional Integral Derivative (PID) control of robot manipulators is a clear example of control with neglected dynamics but it is the most common in industrial manipulators. Indeed, manipulators used in most production lines are PID-controlled in which case control design boils down to gain-tuning of the PID gains. This fact and the considerable amount of papers on PID control of robots, confirm the relevance of this controller -cf. [11, 23, 26, 6] and references in the latter, to cite a few.
In model-based control, i.e. where the dynamics of the robot is considered in the control law, neglected dynamics correspond, for instance, to unmodelled phenomena, dynamics of actuators and possibly of sensors. The most common actuators are Direct-Current drives, which may be modelled by a linear differential equation -cf. [28, 12] . However, one may also consider robots driven by AlternateCurrent motors -cf. [21] . In either case, neglecting their dynamics in the control loop may considerably hamper performance. In the problem treated in [21] , the motor dynamics is highly nonlinear and global asymptotic stability of the closed-loop system with the corresponding ideal control input is obtained. See also [1] for a result on control of robots taking into account the DC motors' dynamics under ideal conditions (i.e. without disturbances).
In this paper, under reasonable assumptions, we establish a precise measure of the robustness to these phenomena. More precisely, we establish a property called uniform semiglobal practical asymptotic stability. Roughly, this stability property pertains to the case when the robot may be operated from arbitrarily large initial conditions and brought to a set-point with a steady-state error that may be arbitrarily reduced, by enlarging the control gains. Moreover, stability and rate of convergence is uniform in the initial conditions. In particular, performance is limited only by the physical constraints imposed on the size of the control gains (the actuator bandwidth).
Note that robust control of manipulators with respect to disturbances has been extensively studied, especially in the context of robots with friction -e.g., using highly nonlinear and possibly discontinuous controllers-cf. [33, 22, 16, 24] . Hence, it may be argued that modifications of PID control to achieve global asymptotic stability, such as introducing nonlinear terms (cf. [2] , [24, Section 7.3] ) or making the integrator time varying (cf. [17] ), may yield better performance. To this respect, we stress that our contribution is not to propose a new robust controller (probably difficult to implement) for robot manipulators but to analyze the robustness of the classical linear time-invariant PID control.
Firstly, we consider robots under PID control and external disturbances; then, we analyze the same scenario taking into account the actuator dynamics. For simplicity, we concentrate on DC actuators described by first order linear differential equations but the approach may be generalized to more complex dynamics. Relying on recently developed tools for semiglobal practical asymptotic stability, we establish that PID control is robust to external disturbances and to neglected actuator dynamics, also considered under input disturbances. Our stability proofs are constructive, i.e., in contrast to others -cf. [19] , we do not appeal to La Salle's invariance principle. As for instance in [26, 25] , we prove stability with a Lyapunov function that is positive definite, radially unbounded and has negative definite total derivative. However, in contrast to [26] , where the system is regarded as linear with sector-bound non-linearities (which may yield conservative bounds), we use an energy-like Lyapunov function and, as a byproduct, we provide a tuning procedure. More precisely, given a desired size of the domain of attraction and a desired tolerance on the steady-state error, corresponding PID gains are explicitly given to achieve these requirements. We confirm our theoretical predictions by experimental results.
The rest of the paper is organized as follows. In the forthcoming section we state the precise definition of robust stability that we demonstrate for PID-controlled manipulators and recall a theorem on uniform semiglobal practical asymptotic stability. In Section 3 we formulate the problem that we address; our main results are presented in Sections 4 and 5. Experimental results are presented in Section 6 and we conclude with some remarks in Section 7.
Mathematical framework
The mathematical framework that supports our main results is described in this section. We recall the notion of uniform semiglobal practical asymptotic stability which is useful for nonlinear time-varying parameterized systems:ẋ = f (t, x, θ) ,
where x ∈ R n , t ≥ 0, θ ∈ R m is a vector of constant free parameters, f : R ≥0 × R n × R m → R n satisfies Carathéodory's conditions for existence of solutions -cf. [10, 14] for each fixed θ ∈ R m . Systems of the form (1) result, e.g. , from control systems in closed loop where θ is a vector of control gains or other design parameters. Then, we say that (1) is uniformly semiglobally practically asymptotically stable (USPAS) if, for each set of initial states, one is able to tune the control gains so that the system is uniformly asymptotically stable with respect to a ball that can be reduced at will. In other words, the trajectories in norm converge to an arbitrarily reducible ball in a stable way. Although the latter is reminiscent of the so-called ultimate boundedness property -cf. [13, 34] , semiglobal practical asymptotic stability is a stronger property in that the ball to which solutions converge is stable (and not only attractive) and may be reduced at will.
To state the definitions precisely, we need to introduce some notation. We denote by x(·, t 0 , x 0 ) the solutions of the differential equationẋ = f (t, x) with initial conditions (t 0 , x 0 ). We use |·| for the Euclidean norm of vectors and the induced L 2 norm of matrices. For δ ≥ 0, B δ denotes the closed ball of R n centered at zero, i.e. B δ := {x ∈ R n : |x| ≤ δ}.
Definition 1 (UAS of a ball) Let δ ≥ 0 and ∆ > 0 be given. The ball B δ is said to be Uniformly Asymptotically Stable on B ∆ if, for every ε > 0, there exists η(ε) > 0 such that
and, for every σ > 0, there exists T (σ) > 0 such that, for all t 0 ≥ 0,
Note that when δ = 0 we recover the usual definition of uniform asymptotic stability (of the origin). When δ > 0, the above definition is very similar to ultimate boundedness, which guarantees that solutions eventually reach a given (fixed) neighborhood of the origin (i.e., it is only a notion of attractivity of this neighborhood). We stress that this property is also sometimes referred to as practical stability in the literature. What is meant by practical stability in this paper is however a much stronger property, as we notably require that the neighborhood to which solutions converge be stable and reducible at will. More precisely, we use the following.
Definition 2 (USPAS and USAS)
The system (1) is said to be Uniformly Semiglobally Practically Asymptotically Stable on the parameter set Θ ⊂ R m if, given any ∆ > δ > 0, there exists a parameter θ ⋆ (δ, ∆) ∈ Θ such that the ball B δ is UAS on B ∆ for the systemẋ = f (t, x, θ ⋆ ). With an abuse of notation, for the case that δ = 0, we say that the system is Uniformly Semiglobally Asymptotically Stable on B ∆ .
This definition imposes that, whatever (small) given δ > 0, one can tune the parameter θ in such a way that solutions converge to the ball of radius δ (i.e. lim t→∞ |x(t, t 0 , x 0 , θ ⋆ )| ≤ δ); in other words, the steady-state error may be reduced at will by a convenient tuning. This convergence property justifies the word "asymptotic" in the above definition. In addition, it guarantees that the overshoot in the transients be somewhat "proportional" to the size of the initial state, which corresponds to a stability property.
The following theorem establishes USPAS for time-varying systems. The proof is omitted since the theorem follows as a corollary from the main result in [5] . For clarity, and as this fits the requirements of this paper, it is given for m = n. Theorem 1 (Lyapunov condition for USPAS) Let Θ be a subset of R n . Assume that there exist a positive number p, real constants a i , a i , b i , b i , i ∈ {1, . . . , n} and, for any θ ∈ Θ, a continuously differentiable Lyapunov function V θ satisfying, for all x ∈ R n and all t ≥ 0,
where, for all i ∈ {1, . . . , n} and all θ ∈ Θ, a i + b i θ i > 0 andā i +b i θ i > 0. Suppose further that, given any positive δ and ∆ such that δ < ∆, there exist a parameter θ ⋆ (δ, ∆) ∈ Θ and a class K ∞ function 2 α δ,∆ such that, for all δ ≤ |x| ≤ ∆ and all t ≥ 0,
If, furthermore, for all i ∈ {1, . . . , n} and all ∆ > 0, it holds that
and, for all i ∈ {1, . . . , n} and all δ > 0,
then the systemẋ = f (t, x, θ) is uniformly semiglobally practically asymptotically stable on the parameter set Θ.
As a direct corollary, the following result constitutes a sufficient condition for uniform semiglobal asymptotic stability.
Corollary 1 (Lyapunov condition for USAS) Let Θ be a subset of R n . Assume that there exist a positive number p, real constants a i , a i , b i , b i , i ∈ {1, . . . , n} and, for any θ ∈ Θ, a continuously differentiable Lyapunov function V θ satisfying (2) for all x ∈ R n and all t ≥ 0 with a i + b i θ i > 0 andā i +b i θ i > 0 for all i. Suppose further that, given any positive ∆, there exist a parameter θ ⋆ (∆) ∈ Θ and a class K ∞ function α ∆ such that, for all |x| ≤ ∆ and all t ≥ 0,
If, furthermore, for all i ∈ {1, . . . , n},
then the systemẋ = f (t, x, θ) is uniformly semiglobally asymptotically stable on the parameter set Θ.
The following example illustrates the use of Theorem 1 and is representative of the method of proof that we employ in our main results.
Example 1 Consider an elementary mechanical system in closed loop with a given controller and under external disturbances:q
where θ 1 and θ 2 are control gains hence, design parameters, c 1 (t) and c 2 (t) are continuous functions satisfying |c 1 (t)| ≤c 1 and |c 2 (t)| ≤c 2 . By assuming that θ 1 ≥ 1, the Lyapunov function
which establishes (2) with p = 2,
This can easily be seen by using the relation: |sr| ≤ (s 2 + r 2 )/2 for all s, r ∈ R. In addition, the total derivative of V along the solutions of (8) iṡ
Using the same relation as above and the bounds on the signals c 1 (t) and c 2 (t), it follows thaṫ
The possibility offered by Theorem 1 to consider the state only in a compact region of the state-space allows to "get rid" of both high and low order terms that appear inV . Indeed, let δ and ∆ be any given positive constants such that ∆ > δ and assume that δ ≤ q 2 +q 2 ≤ ∆. Then, it holds that max{|q|, |q|} ≤ ∆. In the same way, by noticing that, under this assumption, max{|q|, |q|} ≥ δ/ √ 2, it can be seen that |q| 3 ≤ ∆q 2 , |q|q 2 ≤ ∆q 2 , and
From these facts, we conclude that, for all δ ≤ q 2 +q 2 ≤ ∆,
Thus, by picking
we obtain thatV ≤ −(q 2 +q 2 ), which establishes (3) with α δ,∆ (s) = s 2 for all s ≥ 0. We conclude USPAS of (8) thanks to Theorem 1, by noticing that θ ⋆ 1 and θ ⋆ 2 satisfy (4)- (7) with p = 2.
Problem formulation
We consider the problem of set-point control of a rigid-joint robot manipulator under PID control and in presence of disturbances. These may appear, for instance, from external forces acting on the system such as friction. Under these conditions the Lagrangian dynamics of a robot manipulator with n rigid-joints is given by
where D(q) ∈ R n×n is symmetric positive definite for all q ∈ R n , N (q,q) :=Ḋ(q) − 2C(q,q) is skewsymmetric for all (q,q) ∈ R n × R n and u ∈ R n corresponds to the input torques. The disturbance p 1 represents external forces acting on the robot. As most common in the literature of robot control, we restrict our attention to systems satisfying the following.
are twice continuously differentiable and the partial derivatives of their elements are bounded by non-decreasing functions of 3 |q| and |q|. Furthermore, we assume that there exist positive constants
Our control problem is to design u so that the robot manipulator stabilizes around a desired constant set-point (q = q * ,q = 0). The aim is that, under the presence of perturbations, the robot coordinates approach the reference operating point as closely as desired and from any initial conditions in an arbitrarily large set. Furthermore, it is imposed that control be of the PID type. That is, disregarding the DC motor dynamics, the input torques that achieve the control objective are given by
whereĝ(q * ) is a guess of the unknown constant pre-computed gravitational forces vector,q := q − q * and K p , K d and K i are symmetric positive definite matrices representing control gains.
We stress that the above setting is fairly common in practice of robot control; not only PID control is probably the most popular control technique but, often, industrial manipulators come with a black-box controller of PID type, meaning that control design for the user of an industrial robot boils down to gain-tuning for the built-in PID.
Robustness of PID control
We establish now our main results for the perturbed system (10). We assume that the perturbations may be modelled by a function p 1 : R ≥0 × R n × R n → R n that is continuous in all arguments. However, if needed in particular situations, we can relax this hypothesis to assuming that p 1 is such that the right hand side of (10) satisfies the Carathéodory conditions for existence of solutions (uniqueness is not needed). This assumption is not of pure theoretical interest; a typical example where the usual local Lipschitz assumption (even continuity) does not hold is when dealing with systems with Coulomb friction, i.e. in the case that p 1 contains terms including sign(q) which is discontinuous atq = 0. For such cases, we shall rely on [14] where it is proved that Carathéodory solutions exist for systems with Coulomb friction. 5 
Robustness with respect to external disturbances
Proposition 1 Consider the system (10) in closed-loop with (11) . Assume that there exist non-negative numbers p 10 , p 11 and p 12 such that, for all t ≥ 0 and all (q,q) ∈ R n × R n ,
Then, the closed-loop system is uniformly semiglobally practically asymptotically stable.
Remark
where p ′ 10 , p ′ 11 and p ′ 12 > 0. As a matter of fact, a simple calculation using (13) Proof of Proposition 1. The proof is constructive, i.e. we provide a strict Lyapunov function which, moreover, helps to establish a tuning procedure -cf. Claim 2.
For analytical purposes, let ε 1 > 0 be sufficiently small and define the variable
We decompose K p in the following manner:
Notice that K ′ p can be made symmetric positive definite by a convenient choice of K p . The closed-loop system can then be written
To formally study the stability of the closed-loop system we rewrite it in the state-space form, i.e. defining x 1 := (q,q, s) ∈ R 3n and θ 1 : (14) becomė
In the sequel, we consider that the tuning parameters are 6 :
instead of the gain matrices K d , K ′ p , K i as this makes clearer the proof of Proposition 1. Notice that this is only a notation convention and there is no loss of generality since, for each choice of θ 1 , one can design corresponding gain matrices K ′ p , K d and K i . The rest of the proof consists in verifying the conditions of Theorem 1. For this, let ∆ 1 and δ 1 be any positive constants satisfying δ 1 < ∆ 1 . Following the literature on control of robots with uncertainties (see for instance [19, 11, 7] ), we let
where [15] . Roughly speaking, we need to show that V 1 is positive definite and its total derivative is negative definite for all t ≥ 0 and all x 1 such that δ 1 ≤ |x 1 | ≤ ∆ 1 . To that end, without much loss of generality, let the control gains matrices
where ℓ denotes a positive constant. Then, the following claims hold true (see Appendix A for the proofs).
Claim 1 For ε 1 and ε 2 small enough, the Lyapunov function V 1 satisfies
where a 1 , b 2 , b 3 , a 1 , a 2 , b 2 , a 3 and b 3 are positive numbers independent of the control gains θ 1i . That is, (2) holds for V 1 .
Claim 2 (Tuning procedure) Assume that ε 1 + ε 2 ≤ 1. Choosing the gains as
where
and c i are the positive constants, independent of δ 1 and ∆ 1 , given in page 17, we obtain that total derivative of V 1 satisfies
That is, condition (3) holds. Furthermore, proceeding as in Example 1, a simple inspection of (20) shows that (4)- (7) are also satisfied. In virtue of Theorem 1, this ends the proof of the proposition.
Several interesting corollaries stem from Proposition 1.
Corollary 2 In the case that p 10 = 0 the equilibrium point (q,q) = (q * , 0), for the PID-controlled robot, is uniformly semiglobally asymptotically stable.
Another interesting case that is included in Proposition 1 is that of motion control under PID. Let t → q * (t) denote a bounded reference trajectory with continuous and bounded derivatives, at least of the second order.
Corollary 3 Let σ * > 0 be such that
Consider the system (10) in closed loop with the PID control law
whereq := q − q * . Then, the closed-loop system is uniformly semiglobally practically asymptotically stable for suitable choices of the control gains. In particular, the estimate of the domain of attraction may be arbitrarily enlarged and the steady-state error may be arbitrarily reduced by a convenient choice of the control gains.
Sketch of proof . The closed-loop system is given by (14b) and
Notice that C(q,q)q * − D(q)q * is a smooth function that satisfies
therefore, redefining p 1 as the right hand side of (23) we see that it still satisfies the required condition (12) . Thus, the result may be obtained exactly as for Proposition 1, with the Lyapunov function V 1 defined in (16) by replacingq withq.
It is worth remarking that the proof for the case of motion control follows as the proof of Proposition 1 since we do not appeal to La Salle's invariance principle but we provide a strict Lyapunov function, i.e. whose total derivative is negative definite along closed-loop trajectories, in the absence of disturbances.
Consider now systems with friction, i.e. let
where f 1 is a non-negative matrix of appropriate dimensions, sgn(q) denotes the vector
is the bounded solution of a dynamic friction model -cf. [4, 30] , f 3 is a bounded matrix of appropriate dimensions and p ′ 1 represents additional disturbances (e.g., in the motion control problem previously discussed, terms depending on a time-varying reference trajectory).
In view of the regularity assumptions imposed on p 1 and the results established in [14] , we see that the theoretical result contained in Proposition 1 remains valid in the context of motion control of systems with friction, using standard PID. In particular, Proposition 1 establishes that, by increasing the control gains, one diminishes at will the steady state errors, thereby, rejecting the effects of neglected dynamics and friction. From a practical viewpoint, it is clear that the choice of gains is limited by the bandwidth of the actuators and, therefore, the theoretically guaranteed values of the gains to achieve a desired performance may not always be realistic. The experimental results presented in Section 6 show however that a good precision may be obtained with reasonable input torques.
PID control considering actuators'dynamics with disturbances

Statement of our main result
We consider now the regulation problem when actuators' dynamics are taken into account. We consider that the input torques u ∈ R n are delivered by Direct-Current (DC) motors, whose dynamics is given by
where i ∈ R n is the vector of rotor currents, L and R are the n × n matrices of the rotors' inductances and resistances respectively, K bq represents the back electromotive force in the motors and v is the vector of input voltages, i.e. the control inputs. We assume that each motor produces an ideal output torque, i.e. u j = k tj i j with k tj > 0 for all j ∈ {1, . . . , n}. We stress that this assumption induces little loss of generality since, in the case that phenomena such as torque ripple and backlash are present, they may be modelled by continuous bounded functions d j (t, i) hence, u j = k tj i j + d j (t, i). In this case, the disturbances d j (t, i) may be accounted for in the term p 1 defined in Proposition 1. We define
The term p 2 represents additional external disturbances acting on the rotor. We pursue the same control objective as above, i.e. to stabilize the robot around the set-point q * with zero velocity. Our control objective is achieved via cascaded-based control; i.e. the approach consists in designing a reference i * := K −1 t u * (so that, whenĩ := i − i * = 0, we have u = u * ) and building a control law v that makes that, ideally,ĩ goes to zero; hence u → u * . However, in view of the disturbances, a steady-state error is to be expected. In the same spirit as the study conducted in [24, Section 4.3] , we show that global asymptotic stability cannot be reached. While the latter reference establishes ultimate boundedness of the joint coordinates, we show, relying on Theorem 1, that the PID-controlled manipulator, including the DC dynamics and external disturbances, is uniformly semiglobally practically asymptotically stable.
Proposition 2 Consider the system (10), (25) in closed-loop with
t u * and (11). Letq := q − q * andĩ := i − i * . Assume that the conditions of Proposition 1 hold and the disturbances p 2 are bounded as
where p 20 ≥ 0 and ρ 2 : R ≥0 → R ≥0 is a continuous non-decreasing function. Then, the closed-loop system is uniformly semiglobally practically asymptotically stable. In addition, if p 10 = p 20 = 0 and lim s→0 ρ 2 (s)/s < ∞ then the cascade is uniformly semiglobally asymptotically stable.
Remark 2
We stress that the bound (26) holds for any continuous function of i, uniformly bounded in t. Furthermore, all the observations regarding the regularity of the function p 1 hold for p 2 .
Proposition 2 establishes that, if one knows how to asymptotically stabilize a robot using PID control when neglecting the DC drive dynamics and in the absence of external disturbances, then semiglobal practical asymptotic stability can be established in the presence of a wide class of non-dissipative forces and in presence of the actuators'dynamics. In other words, we claim that, given any tolerance on the steady-state error (with respect to the operating point) and any compact domain of initial errors, one can always find control gains such that the closed loop system is uniformly asymptotically stable on this set of initial conditions modulo the tolerance given. Moreover, the tuning procedure given in Claim 2 is still valid under the influence of the actuators'dynamics.
It is also important to observe that the result contained in Proposition 2 remains valid in the contexts of motion control and systems with friction. More precisely, Corollary 2 extends to the case of systems with DC dynamics under the conditions from Proposition 2 and the perturbation p 1 may be considered as defined in (24).
Proof of Proposition 2
The closed-loop system, including the actuator dynamics, consists in Equations (14) and
Notice that it has a cascaded structure:
where x 1 and f 1 have been previously defined, x 2 :=ĩ ∈ R n , θ 2 = λ m (R ′ ) and
The proof of the proposition is constructed with the aim at verifying the conditions of Theorem 1. For this we use the result from Proposition 1 and prove further that: 1) the motor closed-loop system (27)
is uniformly semiglobally practically asymptotically stable; 2) the PID-controlled robot system, taking into account the interconnection term K tĩ , remains uniformly semiglobally practically asymptotically stable.
USPAS of the motor closed-loop dynamics
While this property may appear intuitively clear in view of the linearity of the motor dynamics, we present the proof of USPAS for the motor for further development. In particular, this analysis helps to show that the tuning procedure that stems from the proof of Proposition 1 remains valid even in spite of the actuators'dynamics.
Consider the Lyapunov function
In view of (26), its derivative along the solutions of (27) satisfies the following upper bound:
Hence, given any ∆ 2 > δ 2 > 0, it holds thaṫ
By choosing any
we obtainV
Consequently, (2) and (3) hold. In addition, the upper an lower-bounds on V 2 are independent of δ 2 and ∆ 2 , which makes (4)- (7) trivially satisfied. Thus, uniform semiglobal practical asymptotic stability follows from Theorem 1.In the case when p 20 = 0, uniform semiglobal asymptotic stability follows -cf.
[5, Remark 4].
USPAS of the PID-controlled robot with actuators'dynamics
We use now the Lyapunov function: (19) and (29) we see that V satisfies (2). We now compute the total derivative of V along the trajectories of the closed-loop system (28) . To that end, we first observe that, in view of (16), (17), (18) and (20) there exists a positive constant c(δ 1 , ∆ 1 ) such that for all
In view of (21), (30) and (32) and fixing the gain according to (20) , we see that the derivative of V along the trajectories of the system (28) yields, for all x such that δ 1 ≤ |x 1 | ≤ ∆ 1 and δ 2 ≤ |x 2 | ≤ ∆ 2 ,
where, for all s ≥ 0,
Noticing that, for any positive ε 3 , it holds that
we get that, for all x such that δ 1 ≤ |x 1 | ≤ ∆ 1 and δ 2 ≤ |x 2 | ≤ ∆ 2 ,
Hence, by picking
and R ′ in such a way that
we see with (20) and (33) thatV
for all x such that δ 1 ≤ |x 1 | ≤ ∆ 1 and δ 2 ≤ |x 2 | ≤ ∆ 2 . The result follows invoking Theorem 1. Moreover, in the case that p 10 = p 12 = 0 and lim s→0 ρ 2 (s)/s < ∞, uniform semiglobal asymptotic stability follows from Corollary 1.
Experimental results
In this section we illustrate the performance of a robot manipulator in closed-loop with PID control. The experiments have been carried out on the Pelican prototype, a mechanical arm built at the CICESE Research Center (see Figure 1 ). The prototype consists in a direct-drive vertical arm with two degreesof-freedom whose rigid links are connected via revolute joints. The arm links were made of 6061 aluminum, and in extent they are 0.52 [m] long from shoulder axis to the tip.
High torque, brushless direct-drive servos are used to drive the joints without gear reduction. The motors used in the experimental arm are the model DM1015-B and DM1004-C from Parker Compumotor for the shoulder and elbow joints respectively. For this application the servos are operated in "torque mode", so the motors act as torque sources and they accept an analog voltage as a reference of the requested torques. According to the motor manufacturer, in this configuration the DM1015-B motor is capable of delivering a maximum torque of 15 [Nm] , and the DM1004-C motor delivers up to 4 [Nm] .
Position information is obtained from incremental encoders located in the motors, which have a resolution of 655360 [pulses/rev] each one; joint velocity is obtained by numerical differentiation of the position signals.
In order to perform experiments, we have developed a real-time platform called WinMechLab for Windows Mechatronics Laboratory which runs under NT Windows [3] . To perform real-time tasks we use the RTX extension for Windows. The control algorithms were written in C programming language executed at 2.5 ms. sampling period. The arm Lagrangian dynamic model, neglecting friction terms, is given by
A detailed description of the prototype's model can be found in [12] , see also [3, 18] . In particular, the numeric values of the matrices above are: The experiments were conducted with the following gains:
from initial conditions q 10 = 3.14 rad and q 20 = 1.1 rad, with zero initial velocity. [rad]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . The experimental results are depicted in Figures 2-4 . After a fast transient, the joint positions q 1 and q 2 , shown in Figure 2 , converge to a small neighbourhood of the origin. The time evolution of the joint velocitiesq 1 andq 2 are presented in Figure 3 ; although they appear to vanish, a closer zoom indicate the presence of low amplitude oscillations. Finally, Figure 4 reports the applied torque. It is worth noticing that they have a smooth shape and more important, their time evolution remain within the prescribed limits of the actuator torque capabilities, namely 15 [Nm] and 4 [Nm], respectively. We also emphasize the conditions under which these experiments were performed: 1) considerable dry friction; 2) assumption that velocity measurements are available while we have actually used numerical differentiation of the positions; 3) the stability analysis is made for a continuous-time closed-loop system while the experimental set-up is a sampled-data system. Thus our results illustrate, for this particular set-up, the robustness of PID control, which has been validated theoretically, in a general setting.
Conclusions
We have shown that the PID control of robot manipulators is robust to a wide class of neglected dynamics and external perturbations in the sense that, when the latter are taken into account, PID achieves semiglobal practical asymptotic stability. In other words: any solutions starting in an arbitrarily large domain converge, in a stable way, to a a reference operating point's neighborhood that can be made arbitrarily small by enlarging the gains. This phenomenon has been illustrated by experiments on a two-link manipulator.
Therefore, the derivative of V 1 along the x 1 -subsystem yields
